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Abstract 

We define and describe the class of Quasi-Toplitz functions. We 
then prove an abstract KAM theorem where the perturbation is in 
this class. We apply this theorem to a Non-Linear- Scrodinger equation 
on the torus T'', thus proving existence and stability of quasi-periodic 
solutions and recovering the results of [10] . With respect to that paper 
we consider only the NLS which preserves the total Momentum and 
exploit this conserved quantity in order to simplify our treatment. 

1 Introduction 

In this paper, we study a model NLS with external parameters on the torus 
T"'. The purpose is to apply KAM theory and prove existence and stability 
of quasi-periodic solutions. We focus on the equation 

iut + Au + M^u + f{\uf)u = 0, x£T'^,t£R, (1.1) 

where f{y) is a real analytic function with /(O) = 0, while is a Fourier 
multiplier, namely a linear operator which commutes with the Laplacian 
and whose role is to introduce b parameters in order to guarantee that 
equation (|1.1|) linearized at n = admits a quasi-periodic solution with b 

frequencies. More precisely, let (pnix) = ■^e^^"''^Kn € Z"^ be the standard 

Fourier basis, we choose a finite set {n^^\ • • • ,n*-''^} with n^*-* G Z"^ and define 
so that the eigenvalues of the operator A -|- are 

= M^'^l'+Ci, l<j<b , . 

= |n|2, {n«,---,nW} ^ ^ ^ 
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Equation (jl.ip is a well known model for the natural NLS, in which the 
Fourier multiplier is substituted by a multiplicative potential V. Existence 
and stability of quasi-periodic solutions via a KAM algorithm was proved in 
[TOj for the more general case where f{y) is substituted with /(y, x), x € T"^. 
With respect to that paper we strongly exploit the fact that equation has 
the total momentum M = j'^a uVu as an integral of motion, this induces 
some significant simplifications which we think are interesting. Our dynamic 
result is 

Theorem 1 There exists a positive-measure Cantor set C such that for any 
^ = (^1, ■ • • , ^fc) G C, the above nonlinear Schrddinger equation (| i. ip admits 
a linearly stable small-amplitude quasi-periodic solution. 

Before giving a more detailed comparison let us make a brief excursus on 
the literature on quasi-periodic solutions for PDEs on T*^ and on the general 
strategy of a KAM algorithm. 

The existence of quasi-periodic solutions for equation (jl.ip (as well as for 
the non-linear wave equation) was first proved by Bourgain, see ^ and [4], 
by applying a combination of Lyapunov-Schmidt reduction and Nash-Moser 
generalized implicit function theorem, in order to solve the small divisor 
problem. This method is very flexible and may be effectively applied in 
various contexts, for instance in the case where f{y) has only finite regularity, 
see [6] and [7]. As a drawback this method only establishes existence of the 
solutions but not the existence of a stable normal form close to them. In 
order to achieve this stronger result it is natural to extend to (II. ip on T'^ by 
now classical KAM techniques, which were developed to study equation p.ip 
with Dirichlet boundary conditions on the segment [0,7r]. A fundamental 
hypothesis in the aforementioned algorithms is that the eigenvalues 0„ are 
simple, and this is clearly not satisfied already in the case of equation (II. ip on 
T^, where the eigenvalues are double. We mention that this hypothesis was 
weakened for the non-linear wave equation in [8] by only requiring that the 
eigenvalues have finite and uniformly bounded multiplicity. Their method 
however does not extend trivially to the NLS on and surely may not be 
applied to the NLS in higher dimension, where the multiplicity of r2„ is of 
order 0,1^ The first result on KAM theory on the torus T'' was given 

in |12] for the non-local NLS: 

iut + Au + M^u + = 0, xeT'^, teR, 

where is a linear operator, diagonal in the Fourier basis and such that 
^s{4'n) = |f^|~^*0n for some s > 0. The key points of that paper are: 1. 
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the use of the conservation of the total momentum to avoid the problems 
arising from the multiplicity of the r2„ and 2. the fact that the presence of the 
non-local operator simplifies the proof of the Melnikov non-resonance 
conditions throughout the KAM algorithm. 

Let us briefly describe the general strategy in the KAM algorithm for 
equation (jl.ip . 

We expand the solution in Fourier series as u = Qn4'n{x) and in- 

troduce standard action-angle coordinate: q^. = -s/Tje^^^ ,j = 1, ■ ■ ■ ,b; Qn = 
z„,n/{n«,---,n(^)}. We get 

H= ^ ujjI,+ Y,nn\zn\^+P{I,e,z,z), := {m , . . . , nfe}. (1.3) 

It is easily seen that H and hence P preserve the total momentum (see 
12.51 below) moreover P (and ^(Q^ — \m\'^)zmZm,) are Toplitz/anti-Toplitz 
functions, namely the Hessian matrix dz^d^^'P = H"''' {am + cr'n, z). 

Informally speaking the KAM algorithm consists in constructing a con- 
vergent sequence of symplectic transformations such that 

^,H = H,= ^t\oh+Y. ^'':\mn?+Pu{ij.o,zrz), (1.4) 

where — )• in some appropriate norm. The symplectic transformation is 
well defined for all ^ which satisfy the Melnikov non-resonance conditions: 

\{uj^^'\k)+^^^'^ ■i\>-t,,{i + \k\y\ (1.5) 

for all v' <v and V/c eZ^, I £ iT-i such that {k,l) ^ (0,0) , |/| < 2. Here 
T is an appropriate constant, while is a sequence of positive numbers. 

iu') iv') 

With this conditions in mind it is clear that a deg eneracy — 
poses problems since the left hand side in (jl.5p is identically zero for h = 
0,1 = 

Cm ~ Cn (cm with 771 € is the standard basis vector). To avoid this 
problem we use the fact that all the Hi, have M as constant of motion. This 
in turn implies that some of the Fourier coefficients of P^ are identically zero 
so that the conditions (II. 5p need to be imposed only on those k, I such that 
X^i=i ^i^i + Z^mgzf "^^m ~ Then, in our example, k = automatically 
implies n = m. This is the key argument used in [12]. However, once that 
one has proved that the left hand side of (jl.5p is never identically zero, 
one still has to show that the quantitative bounds of (|1.5p may be imposed 
on some positive measure set of parameters ^. This is an easy task when 
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\l\ = 0,1 or I = Sm+en but may pose serious problems in the case I = em — en 
where the non-resonance condition is 

\{J'''\k) + ni^P -n^/')] >7u'{l + \k\r\ VA;GZ\ n,mGZf (1.6) 

where n — m = Yl'i=i ^-iki- Indeed in this case for every fixed value of k one 
should in principle impose infinitely many conditions, since the momentum 
conservation only fixes n — m. In [T^], the presence of implies that 
Qm^ — |mp ~ so that if > c\k\'^ the variation of Q^'^'^ is negligible. 
This implies in turn that one has to impose only finitely many conditions for 
each k. In the case of equation (jl.ip however s = 0, so that this argument 
may not be applied. To show that it is still true that one may impose the non 
resonance conditions by verifying only a finite number of bounds for each k 
one needs some control on fim^ — for \m\ large, throughout the KAM 
algorithm. The ideal setting is when — |mp is m-independent. This 
holds true for the first step of the KAM algorithm due to the fact that P is 
a Toplitz function. However it is easily seen that already Pi is not a Toplitz 
function. Our strategy is to define a class of functions, the quasi-Toplitz 
functions, and show that all the belong to this set. Informally speaking 
a quasi-Toplitz function is a function whose Hessian restricted to affine 
subspaces defined by equations with integer coefficients is well approximated 
by a Toplitz matrix. 

To explain the use of this property we give a more detailed description 
of the control that we have on the variation of the normal frequencies. Let 
To be a parameter such that 

\{oj,k) -h\>jo{l + \k\)-^% {k,h) + (0,0) 

may hold for a positive measure set of ^. We introduce a parameter r > ro, 
fixed in formula (12. 6p . 

The correction to the normal frequency is given (at step by 

the diagonal terms in (pz^dz^Pu-\\z=z=Q) ■ The quasi-Toplitz property (see 
Definition 12.61 and Formula (I4.10p ) states that for all K large enough {K > 
Ky, the ultraviolet cut-off at step u) and for all |m| > K"^ there exists a 
parameter tq < n < r/4(i such that 

Vim = Imp + Q[m\ + nmK-'^'^^\ 

where the function i? assumes at most K^'^'^^ different values, while is 
bounded. The value of J? on m is determined by the notion of standard cut, 
see Definition 12.31 and Lemma 12.2^ which assigns to each point \m\ > K'^ a 
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portion of an affine subspace (depending on K) on which J7 is constant. We 
show that such subspaces are finite (bounded by K^'^'^^ ). Finally we show 
that one may verify all the conditions (jl.6p by imposing them only for one 
point for each affine subspace. 

Eliasson and Kuksin in |lUj consider an NLS equation which does not 
have M as a constant of motion. This implies that some of the Melnikov 
non-resonance conditions ()1.6p may not be imposed, and terms like -fb,o,n,m 
with |n| = \m\ are kept, at each step of the KAM algorithm they thus 
obtain a more complicated normal form, which then must be reduced to the 
standard one through a linear symplectic change of variables. 

To deal with the variation of the normal frequencies they introduce a 
property, Toplitz-Lipschitz, which can be preserved by KAM iteration. In 
the definition of Toplitz-Lipschitz, if M is the Hessian matrix corresponding 
to an analytic function, they require that for any a,b,c G Z'^, the limit 
M{±, c) := limj_j.oo ^b+tc exists; and the limit matrix M{±, c) still required 
to satisfy this condition in a lower dimension space Z'^~^. The speed tends 
to the limit is controlled by j. Whats more, except a finite set, they cover 
any neighborhood {\a — 6| < N} C Z"^ x Z'^ of diagonal by finite Lipschitz 
domain. This reduces the infinitely many second Melnikov conditions to a 
finite number. In [13] an understanding of this property in is given. 



2 Relevant notations and definitions 

2.1 Function spaces and norms 

We start by introducing some notations. We fix b vectors {n*-^^ , • • • , n^''^ } 
in Z'' called the tangential sites. We denote hy Zf := Z'^ \ {n^^\ ■ ■ ■ ,n^''^} 
the complement, called the normal sites. Let z = (• • • , z„, • • Onezf ' 
complex conjugate z = (•••, z„, • • OnGZf ■ introduce the weighted norm 

nezf 

where \n\ = \J n\ + + ■ ■ ■ + n^^, n = (ni, n2, • • • , n^) and /) > 0. We denote 
by ip the Hilbert space of lists {wj = {zj,Zj)}-^-^d with ||z||p < oo. 

We consider the real torus := M^'/Z'' as naturally contained in the 
space C*/Z* the subset where / = z = z = 0. We then consider in 

this space the neighborhood of T'' : 

D{r, s) := {{6, 1, z, z) : \lm9\ < s, l/[ < r^, ||z||^ < r, ||z||^ < r}. 
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where | • | denotes the sup-norm of complex vectors. Denote by O an open 
and bounded parameter set in R'' and let D = max^^^go |^ — 

We consider functions F{I,9, z;^) : D{r,s) x O — )• C analytic in 1,6, z 
and of class C^^ in ^. We expand in Taylor-Fourier series as: 

F{9,I,z,z;0= E i^ifcaMO^'e'^'''^^"^^ (2-1) 

l,k,a,l3 

where the coefficients FikapH) are of class Cy^ (in the sense of Whitney), 
the vectors a = (■ ■ ■ , a™, • • Onezf > = (' ' ' j /^n, • ■ OnGZf have finitely many 
non-zero components an,(3n € N, z'^z^ denotes Y[n^n"^n" and finally (•,•) 
is the standard inner product in C^. 

If 5 is a set of monomials in Ij,e^^^ ,Zm,Zn, we define the projection 
operator II^ which to a given analytic function F associates the part of the 
series only relative to the monomials in S. 

The analiticity of the functions implies total convergence of the Taylor- 
Fourier series with respect to the following weighted norm of F: 

\\F\\r,s = \\F\\D(,r,s),0= ^^V ^ |i^fcZa/3 b r^l^' gl'^l^ | 1 1 | , (2.2) 



\\z\\p<r ' 



\Fkia^\o = snpi\FMap\ + \^r^\)- (2.3) 

(the derivatives with respect to ^ are in the sense of Whitney) . To an analytic 
function F, we associate a Hamiltonian vector field with coordinates 

We say that F is regular if the function(I, 0, z, z) — )■ Xp is analytic from 
D{r, s) — )• C^^ X £p. Its weighted norm is defined by 

+ ^\\{d,F,d,F)\\r,s. (2.4) 

A function F is said to satisfy momentum conservation if {F, M} = 
with M = Yl^i=i Ti^'^-^i + Sjezf This implies that 

b 

Fk,i,a,p = 0, if 7r(k,a,/3) :=^n«ki + J^j(aj-/3j)^0. (2.5) 



^The norm || ■ [[^(r.a).© for scalar functions is defined in (12. 2p . The vector function 
G : D{r,s) X O — )> C", (m < oo) is similarly defined as ||G||D(r,s),o ~ YlT^i IIG, ||D(r,s),c>- 
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By Jacobi's identity momentum conservation is preserved by Poisson bracket. 

Definition 2.1 We denote by Ar^s the space of regular analytic functions 
in D{r, s) and C^y in O which satisfy momentum conservation i2.5]) . 

We have following useful result 
Lemma 2.1 i) ||n5/||,.^ < 

a) Ar^s is closed through Poisson brackets, with respect to the symplectic 

form dl A d9 + idz A dz, moreover by Cauchy estimates, if we denote 5 = 
min(l — s — s'), 

\\{f 1 9}\\r' ,s' < 5 '^\\Xf\\ri^s'\\g\\r',s', f , X g\\\ri ^s' < f\\r,s\\^9\\r:i 

The first result is obvious and the proof of the second please refer to Geng- 

You dn 

In the course of our analysis we shall need to fix several constants (which 
will be determined by the KAM algorithm). We start by fixing some large 
numbers 

To > max((i + 6,12), t := {U^^^ {tq + I) . (2.6) 

2.2 AfRne subspaces 
2.2.1 Optimality 

An affine space A of codimension i in can be defined by a list of i 
equations A := {x\vi ■ x = pi} where the Vi are independent row vectors in 
W^. We will denote A = [vi;pi]i. We will be interested in particular in the 
case when Vi,pi have integer coordinates, i.e. are integer vectors. 
We denote by 

{vi)(, = Span(z;i,... ,7;<.;M) nZf , B% := {x (£R'^\ \x\ < CiK}nZf\{0}, 

here K is any large number and the constant Ci depends only on the tan- 
gential sites rij. 

In the set of vectors Z*" we can define the sign lexicographical order as 
follows. Given a = (oi, . . . , a^,) set (|a|) := (|ai|, . . . , |am|) then we set a ^ 6 
if either (|a|) < (|6|) in the lexicographical order (over N) or if (|a|) = (|5|) 
and a < 6 in the lexicographical order in Z. With this definition every non 
empty set of elements in has a unique minimum. 

In particular consider a fixed but large enough K, and restrict to the set 
T-Lk of all affine spaces A which can be presented as A = [vi;pi]e for some 
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< i < d so that that Vi G Bj^. We display as {pi, . . . ,pf,vi, . . . ,Vi) a 
given presentation, so that it is a vector in Z^^^'^^\ Then we can say that 
[vilPile ■< [wiiQile if {pi,...,pe;vi,...,ve) ■< {qi, . . . ,qf,vi, . . . ,ve) 

Definition 2.2 The K-optimal presentation [li;qi\£ of A is the minimum 
in the sign lexicographical order of the presentations of A which satisfy the 
previous bounds. 

Remark 2.1 While it is possible that a,n affine subspace is not in "Hk, so 
that it does not have a K optimal presentation; each point m does have a 
K -optimal presentation. 

Lemma 2.1 // the presentation A = [vi:,Pi](, is K -optimal, we have for all 
j < £ and for all v G Bj^ \ {vi, . . . ,Vj): 

< b2| < ... < \{v,r)\>\pj+i\. (2.7) 

Proof: If we permute the vectors Vj we have a different presenta- 
tion, thus the new vector with the permuted {pi, ■ ■ ■ ,Pk) is lexicographi- 
cahy higher which imphes the first inequahty. As for the second, given 
V G B'f^\{vi, . . . , Vj) we can substitute one of the Vh, h > j, with £ obtaining 
a new presentation. Again we deduce by minimahty in the lexicographical 
order, that |(i',a;)| > \ph\ > \pj\. ■ 

Given an affine subspace A := {x \ vi ■ x = pi , i = 1, ...,£} hy the 
notation A^[vi;pi]i we mean that the given presentation is K optimal. 

Remark 2.2 For fixed K, £, p the number of affine spaces in T-Lk of codi- 
mension £ and such that \p(\ = p is bounded by {CKY'^{2pY-\ 

2.2.2 Cuts 

We are particularly interested in i^-optimal presentations of points. Given 
a point m we write m^[vi;pi\ dropping the index £ which for a point is 
always £ = d. We need to analyze certain cuts, by this we mean a pair 
(£, Ti) where < £ < d and ri a suitable positive number. Recall r = 
(4d)('^+^)(To + 1), To > max(d + 6,12). Set by convention po = and 
Pd+i = oo. 

Definition 2.3 We say that, a pair {£,ti) where < £ < d and tq < 

K 

Ti < r/Ad is a compatible cut for the point m^lv.f, pi] , with parameters 
l<\,fi<4,if£is such that \pe\ < /iK'^^ , \pi+i\ > XK'^'^'^K 
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Notice that once we have fixed K,Ti,X,fi, for any given m G Zf there is 
at most one choice of £ such that m has a {£, ri) cut with parameters A, /x. 

Of course, if {i,Ti) is a compatible cut for the point m—^[vi;pi], with 
parameters | < A', /x' < 4 it is also so for parameters A, /x with A < A', < 
/J,. In particular we are interested in the extremal case where fj, = 1/2, A = 4, 

K 

in this case we say that {£, ti) is a standard cut for the point m^[vi;pi]. 
The following construction will be useful: we divide 

by setting K^'^ = 4K^'^'^° and defining recursively 

K^i+i = 4 • , i = l,...d-l. 

By definition we get 

since K > 8 and r > (4d)'^+i(ro + 1) . 

Lemma 2.2 Each point m G has a standard compatible cut {i,Ti) for 
some < i < d and tq < ti < r/Ad. If \m\ > , then £ < d. 

Proof: Let m^[vi;pi\. If \pd\ < \K'^/^'^ then we set ^ = d and ri = 
r/Ad. If \pi\ > AK^'^'^° then we set £ = and ri = Tq. Otherwise if 
\pi\ < 4K^'^^" and \pd\ > \K'^/^'^ then at least one of the d — 1 intervals 
{K^^,K^*+^) with i = — 1 does not contain any element of the 

ordered list {|p2|, ■ ■ ■ , The parameters {£,t\) are fixed by setting 

\K'^^ = K^'^ where i is the smallest index such that the interval (K^"- , K^^+^ ) 
does not contain any points of the list {1^21, • • • , IPd-il}; finally we choose £ 
accordingly so that \pi\ < K^"^ = \K'^^ and \pi+i\ > ET-^^+i = 4K^'^'^i. 

If < iCid, by Cramers rule \m\ = \V-^p\< AK^'/'^'^IC'^-'^ < K'' . 

Remark 2.3 The purpose of defining a cut {£, ri) is to separate the numbers 
Pi into small and large. The number t\ gives a quantitative meaning to this 
statement. 

Let [vi;pi\(, e T-Lk be a iC-optimal presentation of an affine space of 
codimension 1 <£ < d with \p(\ < AKm . 
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Definition 2.4 The set: 

[v^;p^]1 := (2.8) 

{x£[vi,pi]e\ \x\>AK\ \{v,x)\ > 4max(i^4^^o, 24^|p,|4'^), V^; € \ (i;^),} 
will be called the i^— good portion of the subspace [vi;pi]e. 

Remark 2.4 For all ^ < X, fj, < 4 and for each point m € [vi',Pi]i there 
exists Ti such that m has \vi;pi\i as a (ti,^) cut with parameters (A,//). 
Indeed it is sufficient to choose ti = tq if Kq < \pi and fiKl = \pi\ otherwise. 

Lemma 2.3 Consider m,r ^ "Zf such that \m + ar\ < with a = ±1. 

K K 

Let m^[vi; Pi] and r^[wi;qi]. Suppose that {i,Ti) is a compatible cut for m 
with the parameters Then: 

(i) Ti) is a compatible cut for the point r, for all the parameters ^ < 
A < A',^' < ^ < 4 such that {fi - fi')K^\{X' - X)K^'^^^ > 5K1 (ii) If these 

conditions are satisfied we have {wi, . . . , wi) = {vi, . . . ,vi) . 

Proof: (i) Assume that {fi - n')K^\ {X' - X)K^'^^^ > 5K^. Write 
a{vi,r) = {vi,m + ar) — pi. For i < £: 

\ivi,r)\ < \p^\ + \v,\\m + ar\ < fi'K^^ + < fiK''\ (2.9) 

From Formula (|2.7p by the definition of i^-optimal, for all v £ Bf^ \ 
{vi, . . . , vn) one has 

|(w,r)| = \{v,m)-{v,ar+m)\ > |p^+i|-|?;||m+ar| > A'K^'^^i-5K^ > XK^'^^K 

(2.10) 

This proves (i). 

(ii) By induction on i we show that \qi\ < fiK'^^ and Wi € {vi,. . . ,vi) 
for ah i < i. By (I2.10p if v e B'^\ {vi, . . . ,vi) we have |(u,m)| > \pi+i\ > 

For < i < £, suppose {wi, . . . , Wi) C {vi, . . . ,V£). Since Vi are indepen- 
dent, there exist h < i such that ^ {wi, . . . ,Wi). However by (j2.9p 

\qi+i\ < \{vh,r)\<fiK-K 

Again, by (|2.10p . this also implies Wj+i S {vi, . . . ,Vi). 

Since the Wi are linearly independent (and so are the Vi), clearly {vi, . . . ,V£) = 
{wi, . . . , Wi), so Ws G Bf^ \ {vi, . . . ,Vi) for s > j. This implies that \qj+i\ > 
XK^'^^K m 
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Remark 2.5 With the above lemma we are stating that if m has a {Ti,i) 
cut with parameters A',/x' then, for all choices of X < A',/u' < fi, there 
exists a neighborhood B of m such that all points r E have a (ri , £) cut 
with parameters A, /i. The radius of B is determined by the difference in 

K K 

the parameters. In the same way if both m^[vi]pi\ and r^[wi;qi] with 
\m + ar\ < bK^ , have a (ti,^) cut with parameters X, ^ then {vi)i = {wi)^. 



2.3 Quasi— Toplitz functions 

Definition 2.5 Given K,X,fi,Ti such that 1/2 < A, ^ < 4, tq < ri < r/Ad 
and 4^3 < ^K^ we say that a monomial 

i{k,e) TKa^f^^<T a' 

is (K, X, fj,,Ti) -bilinear with the cut [vi;pi]i if it satisfies momentum conser- 
vation ^2. 5\) i.e. 

am + an = —TT{k, a, /3), 
\k\<K, min(|n|,|ml) > AK^, ^\j\{aj + ^j) < fiK^ . (2.11) 

3 

and moreover there exists < i < d such that both n,m have a {i,Ti) 

cut with parameters X,fi. By convention if m^[vi;pi\ and n^[wi;qi] we 
suppose that {pi, . . . ,pi,vi, . . . ,ve) ^ {qi, . . . ,qi,wi, . . . , wg) and denote the 
cut by [vi'pili. Notice that by Lemma [2731 (ii) the cut {wi;qi\i is completely 
fixed by [vi;pi\i and am + a'n. 

In Ar^s we consider the subspace of {K, X, fi,Ti) -bilinear functions and 
call Ii.(K,x,ii,Ti) ^he projection onto this subspace. 

Having chosen 1/2,4 as bounds for the parameters A,/x we wih call low 
momentum variables, denoted by and spanning the space i^, the such 
that \j\ < 4K^. Similarly we call high momentum variables, denoted by 
and spanning the space , the zj such that |j| > K'^ /2. Notice that the 
low and high variables are separated. 



For ah a, a' = ±1, k £ Z^ h £ Zf a, /3 e N^^ and A^[wi; qi]e G Ur with 
|A:| < K,h = -Ti{k,a,p), Y.jezf + Pj) < and \qj\ < AK^I^'^, let 

g'^'a [wi;qi]f,I) be an analytic function of / for [/[ < r^. We construct 

Toplitz {K, X, /i) bilinear functions with a ti cut on the subspace A^[vi;pi\i 
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by setting: 

* 

g{A):= ^ 5-'-'(am + a'n,b,;pi],)e'<'='^>2°z''«', 

n,m,<T,(T' 

* 

where the sum ^ means the restriction to the {K, A, ji, n) monomials with 
a Ti) cut given by (note that with our convention this means that 

m G A moreover each point m is in at most one A). Finally we define 
¥{ti,K) as the space of functions 

9 = E 9{A). 

Notice that ¥{ti,K) is a subset of the (ET, A, /Lt) bilinear functions with 
a Ti cut. 

Given / G Ar,s Sind T G F(ri, iC), we define 

A:=i^4'^-Hn(;,,,,^,,,)/-^), (2.12) 

Finally set 

11^/11^. := sup [ inf (max(||X^||,,„ \\Xj ||,,,))]. (2.13) 

rQ<T]^<T/4d 

Definition 2.6 We say that f G Ar,s is quasi- Tdplitz of parameters (/C, A, //) 
i/ < oo. We call \\Xf\\J^g the quasi-Toplitz norm of f. 

Remark 2.6 Notice that our definition includes the Tdplitz and anti-Toplitz 
functions, setting T = ^(K,x,ix,Ti)f hence / = 0. In the case of Tdplitz 
functions one trivially has = ||Xj||r,s. 

3 An abstract KAM theorem 

The starting point for our KAM Theorem is a family of Hamiltonians 

H = N + P, N= {uiO, I)+Y1 ^niO^nZn, P = P{0, 1, Z, Z, 0- (3-1) 

neZf 

defined in D{r, s) x O, where O C is open and bounded, say it is contained 
in a set of diameter D. The functions w(^), 0„(^) are well defined for ^ G O. 
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It is well known that, for each ^ G O, the Hamiltonian equations of 
motion for the unperturbed N admit the special solutions (0,0,0,0) — )■ 
{6 + u){S^)t, 0, 0, 0) that correspond to invariant tori in the phase space. 

Our aim is to prove that, under suitable hypotheses, there is a set Ooo C 
O of positive Lebesgue measure, so that, for all ^ G Ooo the Hamiltonians 
H still admit invariant tori. 

We require the following hypotheses on N, P and O. 

(Al) Non-degeneracy: The map ^ '^(O is a Cyy diffeomorphism between 
O and its image with |a;|f;i^ , \Vuj^^\o < M. 

{A2) Asymptotics of normal frequency: 

nn{0 = \n\^ + ^n{0, (3.2) 
where J7„'s are C^y functions of with Cp^-norm uniformely bounded by 
some positive constant L with LM < ^. 

{A3) Regularity of perturbation: The perturbation P satisfies momentum 
conservation, it is real analytic and C^r in ^ G C Namely P G Ar,s- 

{AA) Quasi- Toplitz property: the functions P and Xlj^ikjP ^'^^ quasi- 
Toplitz with parameters (/C, A, /x) where 

i<A,/x<4, (/x-i)/C-o,(4-A)/C^'^-o >5/C^ 

One has the bounds: 

llXpF <oo A\{VLz,z)\f <L 

II ^'<D{r,s),0 'll\ ' '''D{r,s),0 

Now we state our infinite dimensional KAM theorem. 

Theorem 2 Assume that Hamiltonian N + P in \3. 1\) satisfies {Al — AA). 
'J > is small enough, e = 5(7, 6, d, L, M, /C, A, /i) is a positive constant. If 
\\'^p\^(r s) o — ^' ^^^'^ there exists a Cantor set Oj C O with meas(C'\C'^) = 
0(7) and two maps {analytic in 6 and in S,) 

^ ■.T'' xO^^ D{r, s), lD : ^ R\ 

where ^ is -close to the trivial embedding : x O — ^ x {0,0,0} 
and bj is e-close to the unperturbed frequency oj, such that for any ^ G 
and (9 G the curve t — > ^{6 + Cj{C)t,C) 'i-s o- linearly stable quasi-periodic 
solution of the Hamiltonian system governed by H = N -\- P. 
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4 KAM step 



Theorem [2] is proved by an iterative procedure. We produce a sequence 
of hamiltonians Hy = + Py and a sequence of symplectic transforma- 
tions _ Hy^i := Hy, well defined on a domain Divy^ Sy ) y. Oy. At each 
step, the perturbation becomes smaller at cost of reducing the analytic- 
ity and parameter domain. More precisely, the perturbation should satisfy 
\\^Pu+AD{r^+i,s,+^),o^ < d'^> 1- The sequence r^, ^ while s/A 
and Oy — )• Ooo- For simplicity of notation, we denote the quantities in the 
z^-th step without subscript, i.e. Oy = O, uj'^ = u) and so on. The quan- 
tities in the {v + 1)*'* step are denoted with subscript " + ". Most of the 
KAM procedure is completely standard, see p!2] for proofs. The new part 
is: 1. to show that Quasi Toplitz property {A4) for P and (fJz, z) is kept by 
KAM iteration and 2. prove the measure estimate using the Quasi Toplitz 
property. 

For simple, below we always use C (could be different) denote the con- 
stant independent on iteration. 

One step Given Hamiltonian p.ip well defined in D{r, s)xO satisfies 
(^1 — A4). P and {VLz^z) are Quasi Toplitz with parameter (/C, A,//). And 
we have 

our aim is to construct: (1) a open set 0+ C O of positive measure, (2) 
a 1-parameter group of symplectic transformations well defined for all 
i e 0+, t < 1 , such that := H+ = N++P+ stih satisfies {A1)-{A4) in 

domain Z)(r+,s+). P+ and {Q^z,z) are Quasi Toplitz with new parameter 
(/C+, A+, And we have 

|w+|c^, |Vw;i|o < M+, 1^+1^1^; \m+z,z)\\lir+,s+),o+ < L+ 

\\^P+\\^D(r+,s+),0+ ^ = 

Let us define 

b 

R:= Pk,p,a,pe'^'''''^Pz''z^ , {R):=Y,Po,e,flflh+Y.Pofl,e„eMj 

A:,2|p| + |q| + |/3|<2 i=l jeZf 

The generating function of our symplectic transformation, denoted by -F, 
solves the "homological equation": 

{N,F} = JI<k:R-{R) (4.1) 
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where Hoc is the projection which cohects all terms in R with \k\ < IC and 
/C is fixed to be the quasi-Toplitz parameter of P, fi. It's well known (and 
immediate) that F is uniquely defined by homological equation for those ^ 
such that (w(0> ^) ) + ^(0 ■ ^ / 0. To have quantitative bounds, we restrict 
to a set where (see Lemma l4.ip : 

\{oo{0,k,) ■1\>7>C~^^ , \k\ <}C, \l\ <2, {k,l) ^0, (4.2) 

where k € Z'', I € Z^i and {k,l = a — (3) satisfy momentum conservation 
(j2.5|) : Ti? is a fixed parameter. Then if in the new variables is: 

:= e'^^'-^H = N+ + P+ 

where = iV + (R) and P+ = e^^' ^if - N+. 

4.1 The set 0+ 

Definition 4.1 O-i- is defined to be the open subset of O such that: 
i) For all \k\ < /C, /i G Z, {h,k) / (0,0). 

\{Lo,k) + h\>2-f}C-^° . (4.3) 

a) For all \k\ < JC, I e |/| = 1. 

\{u,k) + n-l\>2j}C-^'>. (4.4) 

in) For all \k\ < /C, |/| = 2; I ^ Cm — Sn or I = em — Cn and max(|m|, |n|) < 

|(a;,A;) + 17-/| >27/C~2rfr^ 

iwj For aZ/ K with K, < K < 2K7l'^^\ for all affine spaces [vi,pi]e in Hk 
with \p(\ < K'^/^'^ we choose a point € [vi;pi\^. For all such 
and for all k such that \k\ < /C, we require: 

I ± {oj,k) + nms -Qn^l > 2-fmm{K-^'^^\2-'^'^\pi\-^'^), (4.6) 

where = + 7r{k). 

By assumption 0+ is open, and we have 

Lemma 4.1 For all ^ G 0+, for all k G < JC and I e Z^i, \l\ < 2 

which satisfy momentum conservation, we have 

\{uj,k) + l-n\>jlC'''', TF = 2dT. (4.7) 
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Proof: The cases with |/| = 0, 1 follow trivially since Tp is large with 
respect to tq; same for / = Cm + Cn and / = em — en with max(|m[, \n\) < SIC . 

For the remaining cases we proceed in two steps: first we fix A;, K = IC 
and one subspace [vi]Pi]£, we consider (j4.6p with this choice of k,[vi;pi]£. 
We show that this inequality implies that (|4.7p holds for all I = Cm — e^ 
such that m G [vi;pi]^ and n = m + Tr{k). We prove this fact by using the 
hypothesis that (^4) holds for Q. Finally we show that every point m with 
\m\ > AKJ must belong to some 

Let m be any point in [uj;^^]^. Let us first notice that 

A;) + [7r(fc)p -2(7r(/c),m), (4.8) 

hence ()4.7p with / = — is surely satisfied if |(7r(/c),m)| > 2K? because 
in that case ()4.8p is greater than 2K? — ClK? — \uj\K.> K? provided that /C 
is large with respect to Ci and \ijJ . 

If on the other hand |(7r(fe),m)| < then 7r(A;) € B'^ is in (fj)^, 

otherwise we would have |(7r(A;),m)| > ^/C^'^'^° by definition of [vi^pif^ and 
recalling that /C^'^'^o > 4/C^ by hypothesis. Thus for all m € [vi^pifg^ either 
(|4.7p is trivially satisfied or 

Imp - |np = |7r(A;)|2 - 2(7r(A;),m) = |7r(A:)p - 2{^{k),m3), 

recall that is one fixed point in [fj;^^]^ on which we have imposed the 
non-resonance conditions (14. 6p . 

We have seen in Remark 12.51 that all m € [vi^piff^ have a ti) cut with 
parameters (4, ^). 

We know that Ylm,^rn\zm\^ is quasi-Toplitz hence, by definition: 

'^(K,\,tJi,Ti)^^'m\Zm? = (4.9) 



\z |2 



where ^ is the restriction to those m with \m\ > \K7 and have (^, ti) cut 

with parameters (A,/i) given by [vi;pi\i. 

All m G satisfy such conditions with K = fC, hence: 



\^m - 0{[vi;pi]t)\ < L/C 
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in particular this relation holds for . 

We proceed in the same way for n = m+iT{k). Let n—^[wi; qi], By hypothesis 
- i)/C[, (4 - A)/C'''^^i > and we apply Lemma O with A, A' = 
4,/x' = ^. we produce a (ti,£) cut [wi;qi]i for n with parameters A, /x. Now, 
by Lemma [2^ ii). [u'j;^,]^ is completely fixed by and k. We have 

\Qn-^{[wi;qM<L}C-^''^\ 

and this relation holds also for = + 7r(A;). This implies that 

where by definition of ri, /C^^ = max(/C'^°, 2|p^|) and hence: 

I (w, fe) + f]„ - r?„| > I (w, /c) + flms - I - 4L/C-^'^^i > 

7min(/C-^'='"«,2-^'^|p^r^'^) >7/C-". (4.10) 

We know that each point m € admits a "standard cut" based on its /C- 

optimal presentation m—¥[vi]pi\ (see Definition l2.3p . If we have \pd\ < 4/C4dj 
then by Cramers rule we have \m\ = \V-'^p\ < AKJ/^'^K.'^-^ < K7 and hence 
max([m|, \m + 7r(/!;)|) < 2K7 . So the measure estimates for the points m 
which fall in this case are covered by (j4.5p . 
If we have \pi\ > IC^'^'^" then 

\±{uj,k) + nrn-^n\> | ± (cj, /c) + |mp - |np | - 2L/C-^'^^" >7/C'"». 

Otherwise, there exist I < j < d, and tq < ti < such that \pf \ < \K7^ 
and [pf+il > 4/C4'^^i > 4 • max(/C4'^^o, 24'^|pf|4'='). Thus m G bi;pi]f . We have 
shown that conditions ii)-iv) in imply (14. 7p . ■ 

Remark 4.1 T/iis lemma essentially saying that by improving only one 
non resonant condition ^.6\ ), we impose all the conditions 7^ with I = 
Cm — e„ such that m G [vi;pi]^j and n = m + Tr{k). 

Remark 4.2 Notice that up to now we only use (f^.fip with K = IC. Indeed 
the other non-resonance conditions are only required in order to show that 
the quasi-Toplitz property is preserved in solving the homological equation. 

Lemma 4.2 The set 0+ is open and has \0\0+\ < C7/C"^"+^+'^/2_ 
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For the measure estimates we define 

n^i ■■= {ieo\\{u:,k) + n-i\<^ic-^], 

Lemma 4.3 For all {k,l) ^ (0,0) < JC and \l\ < 2, which satisfy mo- 
mentum conservation, one has \'Tl].i\ < CjlC^'^. 

Proof: By assumption O is contained in some open set of diameter D. 
Choose a to be a vector such that {k,a) = \k\, we have 

M 



\dt{{k,uj{C + ta)) + n-l)\> M{\k\ - ML) > ^ 



lead to 



Proof of Lemma \4-S\ 

Proof: The first statement is trivial, indeed i)-iv) are a finite number of 
inequalities; notice that in iv) for each and k we impose only one 

condition by choosing one couple m^,n^. Finally by Remark 12.21 there are 
a finite number of [fi,Pi]f . 

Let us prove the measure estimates; to impose ()4.3p with h = we have 
to remove 

\^\k\<jcK'o\<Ciic--'''-\ 

the case G Z is exactly the same. 

In ()4.4p . by momentum conservation / = ±6^ implies that ±m = —TT{k). 
Hence to impose (j4.4p we have to remove: 

|Ufc<^u <=±e„,, 7^^";| < C7/c-"°+^ 

ztm— — 7r(fc) ' 

If / = =b(em + e„) we notice that the condition 

I ± (a;. A;) + [mp + |np + Clm + i^n\ < ^ 
implies | it (a;, k) + |mp + |np[ < 1 and hence |mp + |n|^ < 2\uj\IC: 

m+n — — =p7r{fc) ,|m 
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In conclusion one gets (j4.3p and (j4.4p with tq > 6 + d/2 and / 7^ ±(em — e^) 
by removing an open set of measure C7/C~'^°^^^'^/^ . 
One trivially has 

I Ufc<^ U; = ±(e„-e„),m-n==F^r(fc),7?.^^f I < C^K. '^'^^^ ^ 

max( I m| , |n I ) <8K^''' 

so we have ()4.5p by removing an open set of measure CjlC"'^'^^^. 

To deal with the last case, for all natural K such that JC < K < 210'l'^° , 
for all affine subspaces [vi;pi]e and for all \k\ < /C we set 

•= ' \{oo,k)+nrr.^ - < 27min(E:-4'^-o,2-4'^|p,|-4'^)X4.11) 

Following Lemma IMl |7^f^ . is| < C7min(i^-4'^^o, 2-4'^|p£|-4'^). By 
Remark 12.21 we have: 



^ \k\<K 

d-1 

^ E E E ip^r^''"'"^''^'''^'' < 4'^c27^-''"o+^ 

A'>/c e=o |p,|>ix-o 

so that we have (j4.6p by removing an open set of measure C^K,^'^'^"^^ . 

Our Lemma is proved automatically. ■ 

4.2 Quasi- Toplitz property 

Proposition 1 The functions Pj^ , are quasi- Toplitz with parameters 

(/C+,A+,^+) stic/i i/iai; 

4/C+ < V(/"-/U+)(/C+)3/2, 4^^^4 ^ _ x)]c'^-o-\ 

The key of our strategy is based on the following two propositions which 
are proved in the appendix. 

Proposition 2 For all K > K, A; G with \k\ < JC and for all |m|, \n\ > 

XK'^ such thatm — n = —Tr{k), m^[vi;pi\, n^[wi;qi] andm,n have a ti) 
cut with parameters A, /i for some choice of i, ti one has 

\{u), k) + \m\'^ -\n\'^+n{[vi; pi]e)- Q{[wi; qi]e)\ = 

\{uj,k) + \Tr{k)f -2{TT{k),m) + (2{[vi; p,]e) - ^2{[w^■, q^]e)\ > 

\K^'^''^ , otherwise 
where n{[vi;pi\i) and Q{[wi]qi\i) are defined by Formula ^.9\ ). 
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Proposition 3 For ^ G 0+, the solution of the homological equation F is 
quasi- Tdplitz for parameters {IC,X,fi), moreover one has the bound 

\\XpC^,<Cr'lC'^'^''\\Xp\\l,, (4.12) 
where C is some constant. 

Analytic quasi-Top litz functions are closed under Poisson bracket. More 
precisely: 

Proposition 4 Given f^^\ f^"^^ G Ar,s, quasi- Tdplitz with parameters (JC, X, fi) 
we have that {f^^\ f^^^ G is quasi- Tdplitz for all parameters (/C', A', /u') 

such that IC' , X' , fj,' , r' , s' satisfy: 

)C' <{fi- fi')JC'^ , 2fi']C'^ < (A' - X)}C'^''^'-\ 

We have the bounds 

ll^{/{i),/(2)}||^,s' < ^"(5 ^ll-'^/ci) ||^s||-'^/{2) ll^s (4.14) 

where 6 = min(s — s',1 — 

(ii) Given f^^\f^^^ as in item (i), with ||^^(5 -"^ ^ 1, the func- 

tion /(^) o := e*'f'^*^''' V^^^ for t < 1, is quasi-Toplitz in T>{r',s') with 
parameters (/C',A',/u') for 

K.' < y^ifi- n')IC'^^\ 2fi'K'^ < (A' - A)/C'^'^"°-\ (4.15) 

5 Estimate and KAM Iteration 

5.1 Estimate on the coordinate transformation 

We estimate Xp and (pp where F is given by ()4.1|) . 

Lemma 5.1 Let Di = D{\r, s+ + |(s - s+)), < i < 4. Then 

\\Xf\\d„o^ < n-'lC^'^e, ||Xp||S3,o+ < C7-2/C2-'/^°£ (5.1) 
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Lemma 5.2 Let i] = e3,Dij^ = D{^r]r,s+ + |(s - s+)),0 < i < 4. // 



The first bound in the two lemmas is completely standard and corre- 
sponds respectively to Lemma 4.2 and 4.3 in [12], we refer to that paper for 
the proof. Let us fix IC-^- so that (I4.15P holds. Let us prove the quasi-Toplitz 
bound in Lemma |5. 11 This follows by Formula (|4.12p of Proposition [1] with 
K' = 1C + |(/C+ - X:), y = A + |(A+ - A) and /u' = /u - |(//+ - p): 

5.2 Estimate of the new perturbation 

The symplectic map <f?p defined above transforms H into = + P+, 
where = N + {R) and 



P+ = / {l-t){{N,F},F}o^'pdt+ {U<^R,F}o^'pdt + {P-U<^R) 



cP'p : D2r, ^ Dsr^, -l<t<l 



(5.2) 



Moreover, 





Jo 



[ {R{t),F}o^'pdt + iP-U<,cR)o^^F, 



with R{t) = (1 - t){N+ -N) + m<K:R. Hence 



+ 



Jo 



/ i(l>FyX{R(t),F}dt + (0).)*X(p_n<K;R) 



Lemma 5.3 The new perturbation satisfies the estimate 



Proof: According to Lemma 15.2^ 



D(f>'p - /dill). < cj-^IC^'^^e, -l<t<l, 



thus 



\\DcI)%\\d,, < 1 + - Id\\D,, < 2, -1 < t < 1. 

ll^{i?,(t),F}l|D., <C7-'/C4'^^r?-2e2, 
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and 

\\^iP-Tl<:K:R)\\D2v - ^V^^ 

we have 



We need to show that P+ is quasi-Tophtz and esthnate its Tophtz norm. 
We notice that R{t) and P — Il<jcR in (|5.4p are quasi-TopIitz, by hypothesis 
(^4). Then, by Proposition H iij, we have that R{t) o (/)^ = e^^''^R{t) and 
(P — Il<icR) o (j)p are quasi-Tophtz as well. 

We repeat the reasoning of Lemma 15.31 only with the Toplitz norm. We 
have the following 

Lemma 5.4 We set e+ := C7^^/C^'^^/'^"e^/^ for an appropriate constant C, 
we have 



\^P+\\D(r+,s+) ^^+- 



5.3 Iteration lemma 



To make KAM machine work fluently, a sequence of iteration is given: For 
any given s, e, r, 7 and for all > 1, we define the following sequences 



Su = sC 

1=2 



e. = c7-2C-/^vli, (5.5) 

i=2 



1 



i=0 

V V 

u+1 



0. = Pii-Yl 2-^) 



1=2 
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where c, 1 < x < | is a constant, and the parameters ro, eo, 70, -^o, so and 
/Co are defined to be r,e,j,L,s and bounded by hie~^ respectively. 
We iterate the KAM step, and proceed by induction. 

Lemma 5.5 Suppose at the v-step of KAM iteration, hamiltonian 

is well defined in D(ti,^ Sy )xOy, where N^, is usual "integrable normal form" , 
Py and X^^nknP satisfy (^44) for {ICu , \u , fiu) , iOu and Q,'^ are C^y smooth 

Then there exists a symplectic and Quasi-Toplitz change of variables for 
parameter {JCu+i, Xu, fJ-u), 

), (5.6) 

where \Oi,+i\Oy \ < 7/C^'^"^^"*'2 , such that on D{ryj^i, s^+i) x Oyj^i we have 
H^+i = H^o^^ = e^+i + N^+i + P^+i = ey+i + {uj^+iJ) + {VL''^'^z,z) + Py+i, 

with a;,+i = + E ^^o,/,o,o, f^^' = K + ^'o^Ce^.e^- 

|/l=i 

Nyj^i is "integrable normal form". Pjy+i and Y^(l'^^\zn'^ satisfy {A4) 
for parameters {K,yj^i,\y^i, p,y^i). Functions uj^j^i andO.'^^ areC^^ smooth 

\\^P.+i\\D(r,+ us,+i),0,+i ^ ^^^+1' IK^'"^^^'^)llD(r,+i,s,+ i),C',+ i < ^I'+l 

• By Proposition [H new perturbation Pu+i and {Cl'^^^z,z) satisfies Quasi- 
Toplitz property for parameters {lCi,-^i, X^+i, Pu+i)- As we can see, when 
we require t > tq > 12, 

yK > /C,+i = c(p,_i - p,)-^ Ine-^ > /Co2'^ 

implies inequality 

2K < 4p'K^ < (A.+i - A.)K^'^"o-^ 

• Poisson bracket preserve momentum conservation or result from Lemma 
4.4 in [12J lead to Pu+i satisfies momentum conservation. 
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5.4 Convergence 

Suppose that the assumptions of Theorem [5] are satisfied. Recall 



eo = e,ro = r, 70 = 7, = s, Mq = M, Lq = L,Nq = N, Pq = P, 

O is a compact set. The assumptions of the iteration lemma are satisfied 
when v = if eq, 70 are sufficiently small. Inductively, we obtain sequences: 

a+i c a, 

= $0 o $1 o . . . o : D{ru+i, Su+i) X Ou+i D{ro, so),u > 0, 
Ho^'^ = H,^i = N,+i + P,+i. 

Let O = Ci'j^qOu, since at 1^ step the parameter we excluded is bounded 
by CjJC-^°^^+'^^\ the total measure we excluded with infinity step of KAM 
iteration is bounded by 7 which guarantee O is a nonempty set, actually it 
has positive measure. 

As in [191 120|- with Lemma 15.21 Ni, , '^'^ , D^'^ , uji, converge uniformly on 
D{0, f ) X O with 

Noo = Coo + (Woo, + ^ O.'^ZnZn- 

n 

'ill. 4 

Since ICy = c{pu-i — Pu)~^ h\e~^, we have 8^ = cj'^ICJ° once e is 
sufficiently small. And with this we have Wqo is slightly different from ui. 
Let (p^ff be the flow of Xh- Since H o'^^ = -ff^+i) there is 

'A^o^'^ = *''°'Ak+i- (5-7) 

The uniform convergence of ,D'^'^ ^uoy and Xh^ implies that the limits 
can be taken on both sides of (|5.7p . Hence, on -D(0, |) x O we get 

^*,oxI/- = xI/~o</.*,^ (5.8) 

and 

: D(0, |) X O ^ D{r, s) x O. 

From for ^ € (5, ^°°(T^x {^}) is an embedded torus which is invariant for 
the original perturbed Hamiltonian system at ^ G 0. The normal behavior 
of this invariant tori is governed by normal frequency f^oo- ■ 
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A Appendix 

Proof of Proposition \^ 



By hypothesis 

min(|m|, |n|) > AK^ , m^lvuPi], n^[wi;qi\, 

\qtl \Pi\ < l^K^^ , \qi+i\, \pe+i\ > XK'^'^^^ , [vi;pi\e -< [wi;qi]i (A.l) 
By definition of quasi-TopHtz (see formula (|4.9p ). one has: 

\n„, - f2{[v^;pi]i\, \nm - f^{KPi]e\ < LK-^''^' (A.2) 

Recah that m — n = —ir{k), so one has 

|mp — [np = {m + n,m — n) = \Tr{k)\'^ — 2{Tr{k),m). 

If Tr{k) ^ {vi)£ then |(7r(A;),m)| > K^'^'^^ > and the denominator is 
not smah: 

\{uj,k) + |m|2 - |n|2 + f}{[vf,pi]e) - n{[wi;qM > \k^''"\ 

since (again by definition of quasi-TopHtz) \Q{[vi]pi\()\,\Q{[wi\ qi]()\ < L. 
If 7r(A;) G (uj)^ then the value of (7r(/c),m) is fixed for all m G [vi;pi]e. 

We know that m^[v'-;p'^ has a standard cut, so that m € [Vi', p'i\f for 
some £. If < K^o then 

\{uj,k) + Ivr(A;)p - 2(7r(/i;),m) + n{[vi;pi]i) - f^{[wi;qi]i)\ 

(KM 

> \{uj,k) +nm-^n\- 2LK-^'^^l 

Km ^ 

> 7min(/C-^'^^o, 2~^'^|p'.|~^'^) - 2L\K\-^'^^^ > ^ mm{]C-^'^''° , \p'.\-^'^) , 

f. 2 

since < AlC/^'^ by the definition of standard cut. 

If on the other hand we have 2'^'^K7 > K'^° we proceed as follows. We 
have seen that we may restrict to the case 7r(A;) G {vi)j, where 

Imp - |np = [7r(fc)p - 2(7r(A;),m) = |^(A:)p - 2(^(A:), m^^), 

where (notice that K < 2/C'^/'^"), := m^{K) is the point in chosen 
for the measure estimates (14. 6p . 
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We notice that m^,n^ satisfy the conditions (|A.ip . so we apply (|A.2p to 
m,n,m3 . We have 

\{uj,k) + \TT{k)\^ - 2{Tr{k),m) + Q{[vi;pi]e) - Q{[wi;q^]e)\ > 

\{uj,k)+ Qrna - ^n^l - 2LK~'^'^^' 

jmm{K-^'^^\2-^'^\pg\-^'^) > -flC~^ 

since by definition \pj \ < p'K''^ < AK'^^ , K < and 2 • S^'^L < 7. ■ 

Proof of Proposition The quasi-Tophtz property is a condition on 
the {K, A, ^)-bihnear part of F, where F is at most quadratic. Hence we 
only need to consider the quadratic terms: 



\k\<K , 
max(|n|,|m|)>A'K^ 



with 



By hypothesis min(|m|, |n|) > XK'^ so in the case of i^fc,o,em+e„,o one has 



■ T 



I 77? I l^^,0,em+6j^,0 1 ^ I P I T<' — 

since 

(A;, w) + |mp + |np + Qm + ^n> '^K'^ - cJC - 2L. 

We proceed in the same way for 9^Ffc^o,em+e„,o- This means that -Ffc,o,e„+e„,o 
is quasi-Toplitz with the "Toplitz approximation" equal to zero. 

Let m—^[vi;pi] have a cut ti). We wish to show that 



Fk,0,ern,e„ =Fk{m- n, [Vi;p^]i,) + K Fk^o,em,e„, 



here Fk is the /c Fourier coefficient of the Toplitz approximation F. By 
hypothesis we have conditions (jA.ip and {vi, . . . ,V£) = {wi, . . . , wi). This in 
turn implies that the subspace [wi,qi\i is obtained from [vi,pi]ii by translation 
by m — n = —7r{k). If ir^k) ^ {vi)£ then the denominator in the first of (|A.3j) 
is 

\{k,u}) +n^-nn\ > \{k,uj) + \m\^-\ri\^+n{[vi-pi]i)-n{[wi-,qi]e)\-L > iivT^'^^i 
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and we may again set J^k = 0- Otherwise we set 



-rr ^ r IX 'Pk{m - n, [Vi,Pi]i) 

{u:,k) + \TT{k)\'^ - 2(7r(/c),m) + n{[vi;pi\i) - n{[wi]qi\i) 

We notice that (7r(A;),m) depends only on the subspace [vi,pi]i and on ■K{k). 
Finally we apply Proposition [2] to bound the denominator. To bound the 
derivatives in ^ of -F we proceed in the same way, only the denominators 
may appear to the power two. In conclusion: 

■ 

Before we give a proof to proposition HI for simple and better to under- 
stand, some notation and technical Lemma are given. 

Let us set up some notation. We divide the Poisson bracket in four 
terms: {•, •} = {•, -Y'^ + {•, 'Y + {•, 'l^ + l'; 'l^ where the apices identify the 
variables in which we are performing the derivatives (the apex R summarizes 
the derivatives in all the Wi which are neither low nor high momentum) . We 
call a monomial 

1. of (K, /x)-low momentum if \k\ < K and \ j\{aj + < ^xK^ . 
Denote by the projection on this subspace. 

2. of i^-high frequency if \k\ > K. Denote 11^^ the projection on this 
subspace. 

Recall projection symbol ^k,x,ii.,ti is given in definition [231 A function / 
then may be uniquely represented as / = TlK,\,^,rif + ^K,^f + n^/ + UrJ 
where Hr/ is by definition the projection on those monomials which are 
neither {K, X, fi,Ti) bilinear nor of {K,fj,)-low momentum nor of i^-high 
frequency. 

A technical lemma is given below. 

Lemma A.l The following splitting formula holds: 
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Proof: We perform a case analysis: we replace each /(*^ with a single 
monomial to show which terms may contribute non trivially to the projection 

Consider the expression 

If one or both of the > K then one or both monomials are of high 

frequency and we obtain the last term in the second and third line of (jA.4p . 

Suppose now that |A:(i)|,|A;(2)| < R we wish to understand under which 
conditions on the a^*-* , /S^*) this expression is not zero. By direct inspec- 
tion, one of the following situations (apart from a trivial permutation of the 
indexes 1,2) must hold: 

1. one has z'^'^'z'^'^' = and z^'^'z'^'^' = z^^^'z^^^'z^'z""^^, 

where min(|m|, \n\) > X'K'^ have a {£, ti) cut for some £ and z"*^'z^'^'z"'^'z^'^' 
is of (K, /i')-low momentum. The derivative in the Poisson bracket is 



2. one has z'^'^'z'^*^' = z"^^^ z'^*^^ z^zj^' and z^'^^z'^'^' = z°'^'z^'^\ where 
min(|m|, |n|) > X'K'^ have a {£, ri) cut for some £ and z"*^'z^*^'z"^^'z'^^^' 
is of {K, n')-low momentum. The derivative in the Poisson bracket is 
on 1,9. 

3. one has z"'^^z^'^^ = z'^''^^ z^''^^ z'^z!^' zj^ and z'^^^'z'^^^' = z"'^^ z^'^^ z^"*^^ 

where min([m|, \n\) > X'K'^ have a {£, ti) cut for some £ and z"*^'z^'^^z°'^'z^'^^ 
is of {K, fi')-low momentum. The derivative in the Poisson bracket is 
on Wj. 

4. one has z'^^^'z'^^^' = z^^^'z'^'^'z^ and z^^^'z'^^^' = z°'^' z'^^^' zj[ where 
min(|m|, \n\) > X'K'^ have a (£, ti) cut for some £ and z"*^' z'^*^' z"*^^ z'^^^' 
is of {K, //')-low momentum. The derivative in the Poisson bracket is 
on 1,9. 

In case 1. we apply momentum conservation to both monomials and 
obtain 

a,j = -am - n{k^^^ , a^^) , ^(i) ) = <j'n + Tr{k'^^^ , a^^) , ^(2) ). 
Recall that 
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and by hypothesis \k'^^^ < K, this implies that \j\ > X'K'^ - ^'K^ - CK > 
XK'^ for K > K' respecting ()4.13p (here C is a constant so that |vr(/c)| < 
C|fe|). Hence min(|m|, |n|, > XK'^ . By momentum conservation \am + 
o"ij|, I — aij + a'n\ < CK + /j^'K^ < BK"^; by hypothesis n,m have a {i,Ti) 

cut. By Lemma 12.31 also j—>[wi;qi\ has a {£,ti) cut. Then e*('^''^'^)z"*'''z^*''' 
are by definition (K, X, fi, ri) bilinear. The derivative in the Poisson bracket 
is on j which is a high momentum variable. 

As m,n run over all possible vectors in with min(|m|, |n|) > X'K, we 
obtain the first term in formula ()A.4p . 

In case 2. following the same argument e*^'^*^''^)^"*^'^^'^' is (K, A',/i',ri) 
bilinear and g^^'^'^^'^^z^'^'z^'^' is {K,fj,') low momentum. We obtain the 
second contribution in formula ()A.4p . 

In case 3. we apply momentum conservation to the second monomial 
and obtain —aij = — 7r(A;*^^^ a^^^ Z?*^^^). This implies that 

lezf i&f 
CK+Y^ [/|(q[^^ + + aP + ^) < fi'K^ + CK< fiK^ 

i(K >]C' with JC' satisfying Km . Then e^C^*'''^)^"*''^/^*'' is, by definition, 
{K, X, fi,Ti) bilinear and g^C^*^^^)^'^*^'^/^*^' is {K,2fi) low momentum. The 
derivative in the Poisson bracket is on j which is a low momentum variable. 
We obtain the third contribution in formula ()A.4p . 

In case 4. we apply momentum conservation to both monomials, we get 

min(|c7m|,|a'nl) < max{\ - 7r{k^''\d^ < CK + fi'K^, 

which is in contradiction to the hypothesis min(|m|, |n|) > X'K'^. Hence 
case 4. does not give any contribution. 

The third line in formula ()A.4p is dealt just as the second line by ex- 
changing the indexes 1,2. ■ 

In order to show that {f^^\ f^'^^} is quasi-Toplitz, for all K > K,' and ri 
we have to provide a decomposition 

SO that J'^^'^) € F(E:,ti) and 

||Xjr(i,2) llr'^s', |lXj{i,2) ||r',s' <5 ^ C!\\X j(i)\\^^g\\X (A. 5) 
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for some constant C. 

We substitute in formula (TO]) ni^,A',M',ri/*^'^ = + K-^'^^i/W, with 
J-W G F(ri,ir). 

Lemma A. 2 Consider the function 

w/iere i(;e /la-ye denoted {•, •}(^'^)+^ = {•, •}(^''') + {•, . (i) One has /"(i'^) g 
F(ti,K). ^ii; Setting P^^^ = -fC^'^^i(ni^,A'X,ri{/^^\ /^^H - -^^^■^^) one has 
that the bounds iA.5\} hold. 

Proof: To prove the first statement it is useful to write 

[■"i^Piit^'H-K a,a'=±l m,n 

where X]* sum over those n, m which respect ()2.1ip and have the 

{i,Ti) cut with the parameters A',//'. For compactness of notation 

we will omit the dependence on {6,I,w^). 

The fact that {J^^^^U'^^iif^^^V'^^^ ^ ¥{ri,K) is obvious. Indeed the 
coefficient of z^^n is 

{J-(i)(am + a'n, h;pi]i),Ul,^f^^^y''+\ 

the same for {^(2)^ nL ^^^y(i)|/,e+L^ 

Suppose now that n,m respect (I2.1ip and have the {i,Ti) cut [vi;pi]i 
with the parameters X' , fi' . By the rules of Poisson brackets the coefficient 
of 

^m^n expression IS 

rezf ,o-i=±l 
|r|>AXT 

\—o-i r + cr'nl </j,x3 

(A.6) 

Since \am + (7ir|, la'n — air\ < fiK^ and |m|, |n| > A'-R"^ we have that the 
condition |rj > XK'^ is automatically fulfilled. By Lemma [2 .Si r, n, m all have 

a (-^jTi) cut with parameters (A,/i). We set m^[vi;pi], n^[v[\p'^, r^[wi\qi] 
and suppose without loss of generality that 

{pi,...,pg,vi,...,Vi) < {qi,. . . ,qi,wi,. . . ,we) ^ {p[, . . . ,p'(,,v[, . . . ,v'(,). 



30 



Again by Lemma \T3\ {vi)£ = {v[)ii = {wi)i, moreover [wi'jQili is completely 
fixed by [vi;pi]£, a, ai and by am-\-air := h. Then we may change variables 
in the sum over r in (]A.6P : 

cri=±l h:\h\<fj,K3 

this expression only depends on [vi;pi\ii. The estimate (jA.Sp for follows 
by Cauchy estimates since 

||^jr(l,2) ||r',s' < ||X|j-(i)^j-(2) j ||r',s' + II A'j-jrCl) j{2) j ||r',s' + ll-^^jJ^-CZ) } ||r',s' • 

We now compute: 

Since e~^(*^*') < K^'^, one has 

ll^(«)»,F'^u)^^)l|r-',s' ^||Xj{i) ||r,s||-'^/{2) ||r,s, 

by the smoothing estimates. The estimate (jA.SP follows. 

Proof: (Proposition^ Proposition|4|^i) follows from the previous Lemma, 
(ii) Given /«, i = 1,...,N as in item (i), and applying repeatedly 
(I4.13p . the nested Poisson bracket 

{/«,{/^),...,{/^-^\/(^)}...} 
is quasi-Toplitz in 'D{r^, s+) with parameters (/C+, A+, if 

H+K^ + 2NK < fiK^ , 2Nfi+K^ < {\+ - X)K^'^^''-^, (A.7) 
for all K>K+ 

For given K we bound all the terms in e'^^^'^G containing N > K Poisson 
brackets by K~'^ by using the analyticity of the nested Poisson bracket in 
P(r+,s+) and the denominator A''!. We then apply ()A.7p with N = K, we 
get the restriction (I4.15p . ■ 
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